Abstract: It is shown that on most compact complex surfaces which admit symplectic forms, each Hermitian conformal class contains almost Kähler metrics. Results about the number of symplectic forms compatible to a given metric are obtained. As applications, alternative proofs for results of LeBrun on the Yamabe constants of Hermitian conformal classes are given, as well as some answers to a question of Blair about the isometries of almost Kähler metrics.
Introduction
An almost Hermitian structure on an oriented manifold M 2n is a triple (g, J, ω) of a Riemannian metric g, an almost complex structure J , compatible with the orientation, and a non-degenerate 2-form ω, related by
ω(X, Y ) = g(X, J Y ),
for any tangent vectors X, Y ∈ T M. If the almost complex structure J is integrable, the triple (g, J, ω) is a Hermitian structure. If the form ω is closed, i.e., symplectic, then the triple (g, J, ω) is called an almost Kähler structure. Quite rarely, the two conditions, J integrable and ω closed, hold simultaneously, and in this case the triple (g, J, ω) defines a Kähler structure on the manifold. A metric will be called Kähler, Hermitian, or almost Kähler, if it admits a compatible corresponding structure. It is possible, and we show that this happens quite often, that a given metric is Hermitian and almost Kähler, but it is not a Kähler metric. One of our into self-dual 2-forms and anti-self-dual 2-forms, corresponding to the +1 and −1-eigenspaces of * . The well known correspondence between the (oriented) g-orthogonal almost complex structures and the self-dual forms for a Riemannian 4-manifold (M, g) imply that any selfdual, harmonic 2-form ω, of pointwise constant length √ 2, induces an almost Kähler structure (g, J, ω). Because of this equivalent definition, when the metric is fixed, we will very often just refer to the form when thinking at the almost Kähler structure.
Given a symplectic form ω on M, the space of associated metrics to ω, defined by
is an infinite-dimensional, contractible space. Each metric from AM ω defines an almost Kähler structure with fundamental form ω. Because of condition (ii), there are no two elements in AM ω
Hermitian and almost Kähler structures on 4-manifolds 3 in the same conformal class of metrics. We define the space of conformal associated metrics to ω by CAM ω = {g | ω ∈ + M}.
Indeed, to justify the name, it is easily seen that The following easy proposition motivates the questions we are addressing in this paper. Proof. (a) Assume there exists a metric g ∈ CAM ω ∩CAM ω . Let us recall that in dimension 4, harmonic 2-forms are invariant to conformal changes of metric, as also invariant is the splitting into self-dual and anti-self-dual forms. Then ω and ω are both harmonic with respect to g. But by the Hodge decomposition theorem there is a unique harmonic representative in a given cohomology class. This contradicts the assumption ω = ω .
(b) Given the metric g, assume that the metric g = f g is an almost Kähler metric. This is equivalent to the existence of a self-dual, harmonic 2-form ω with
Let α 1 , . . . , α k form an orthogonal basis for the space of self-dual, harmonic 2-forms with respect to the global inner product induced by the metric g.
where f i j are the smooth functions given by the pointwise g-scalar product of α i and α j ,
Taking V to be the space generated by the f i j 's, the conclusion follows.
A short way of rephrasing part (b) of Proposition 1 is that in a given conformal class most of the metrics are not almost Kähler. As for part (a), it leads to some questions. First, one may ask under what conditions two symplectic forms share a same associated metric. As we saw, this is not possible if the forms are cohomologous. From a symplectic form ω, many others can be obtained by deforming the given one with "small" closed 2-forms. As symplectic forms in the same cohomology class have all disjoint sets of conformal associated metrics, it looks that many conformal classes contain almost Kähler metrics.
Question 2. Find conformal classes which do not admit almost Kähler metrics.
We consider Questions 1 and 2 for Hermitian metrics on compact complex surfaces. It makes sense to work only with compact, complex surfaces which also admit symplectic structures. Note that any closed complex surface with the first Betti number b 1 even admits Kähler structures, hence, in particular, symplectic structures. If b 1 is odd, the situation is more delicate and has been settled only recently (see [7, 14] 
Proof of the main result
The proof relies on a series of propositions which we give below. Recall that the Lee form θ of an almost Hermitian 4-manifold
where F denotes the Kähler form of (g, J ), δ is the co-differential operator defined by g, and J acts by duality on 1-forms. (In this section and subsequently, we prefer to use F for the fundamental form of a non-Kähler, almost Hermitian or Hermitian structure, leaving ω to denote harmonic, self-dual forms.) It easily seen that dθ is a conformal invariant, that is, it depends on the conformal class of g and not on the metric itself. It is also known that Hermitian metrics with dθ = 0 correspond to locally conformal Kähler metrics and the Hermitian metrics with θ = 0 are, in fact, Kähler metrics.
A Hermitian metric such that the Lie form is co-closed, i.e., δθ = 0, is called by Gauduchon a standard Hermitian metric. He proves in [11] the existence of standard metrics in each Hermitian conformal class (in any dimension) and its uniqueness modulo a homothety. In some sense, the standard Hermitian metric is the "closest" to a Kähler metric in its conformal class.
The first result we need is due to Gauduchon. For completeness, we give a proof, slightly different than the original argument in [13] .
Proposition 3. (Gauduchon [13]) On a compact complex surface M, endowed with a standard Hermitian metric g, the trace of a harmonic, self-dual form is a constant.
Proof. Let (M, g, J, F) be the standard Hermitian structure on M. Any self-dual form α ∈ + M can be uniquely written as:
with a ∈ C ∞ (M) and β ∈ 2,0 M. We have to prove that if α is also (co)closed then a is a constant. Taking the divergence of both sides of (1), it follows
Applying J to the above relation, we get:
Taking inner product of both sides with da and integrating over the manifold implies 
Proof. By the known decomposition of 2-forms, α 1 , α 2 can be written uniquely as:
where β 1 , β 2 are (2, 0) forms and a 1 , a 2 are constants. Now α
By the assumption c 1 = 0, it follows that the form β 2 − β 1 must vanish at some point on M.
From the above equality, as F 2 is a volume form on M and a 1 , a 2 are constants, it follows a Proof. By Lemma 1, trace α = ± trace ω = ±1. Assume trace α = trace ω = 1. In this case α can be written as
where β is a holomorphic (2, 0) form. From α 2 = ω 2 , it follows the relation 2ω ∧ Re(β) + Re(β) 2 = 0, everywhere on M. Integrating this relation on M, the first term vanishes because of the choice of ω. Therefore we get Re(β) = 0, but as β is a (2, 0) form this implies β = 0. Therefore we proved α = ω. Similarly, if trace α = −trace ω = −1, it follows that α = −ω.
Proposition 5. Let g be a Kähler metric on M with Kähler form ω. Then either g is a hyperKähler metric, or ±ω are the only almost Kähler structures compatible to g.

Proof.
If c 1 = 0 the conclusion follows immediately from the Proposition 4. Our argument below covers all cases. Assume there exists another harmonic, self-dual form ω = ±ω, inducing same volume form as ω. Then ω is uniquely written as
where a is a constant and η is a smooth section of the canonical bundle. From
η is a self-dual harmonic 2-form of length √ 2, pointwise orthogonal to ω, so it induces another almost Kähler structure on M, (g, J 1 , ω 1 ), with J and J 1 anti-commuting. Since J is parallel with respect to the Levi-Civita connection of g, it follows that (g, J 2 = J • J 1 ) is another almost Kähler structure, with J 2 anti-commuting with both J and J 1 . Now, using an observation of Hitchin ([15] , Lemma 6.8) that any triple of anti-commuting almost Kähler structures (g, J, J 1 , J 2 ) defines a hyper-Kähler structure, we complete the proof.
Proposition 6. Assume that g is a non-Kähler, conformally-Kähler metric on a compact complex surface (M, J ).
If Proof. First we will consider the case c 1 = 0. Let g = f g , where f ∈ C ∞ + and g is a Kähler metric on (M, J ) with Kähler form F. Let us assume also that (g, J, ω) is an almost Kähler structure. Then ω is a g-harmonic, self-dual form, of g-length √ 2 at every point on M. As g is a conformal metric to g, the form ω is harmonic and self-dual with respect to g as well. Hence there exists a constant a = 0 and a holomorphic (2, 0) form β such that
But in this case, note that the forms ] . Therefore g has at least two S 1 -families of almost Kähler structures compatible to g. Suppose now that (g, J , ω ) is some almost Kähler structure compatible to g and we would like to show that it must be one of the almost Kähler structures described by the the two S 1 -families above. With the same reasoning as above
where a is a non-zero constant and β is a holomorphic (2, 0) form. Since ω 2 = ω 2 , by Lemma 1 we get a = ±a. Let us assume a = a, the argument being similar in the other case. Now ω 2 = ω 2 implies Re(β) 2 = Re(β ) 2 , which is equivalent to
This means that at every point on M, the form Re(β + β ) is collinear to Im(β − β ). As both Re(β + β ) and Im(β − β ) are closed, we must have
for λ a constant on M. The above relation implies
or, further,
It is easy to see now that ω is in fact one of the forms in the family ω (ii) (M, J ) is a complex torus or a K3 surface. For these b + = 3 and they have hyper-Kähler metrics. Let us first remark that if g is such a metric, then all self-dual, harmonic forms with respect to g have constant length. Therefore there is no non-Kähler, almost Kähler metric which is conformal to a hyper-Kähler metric. However, a complex torus or a K3 surface do have Kähler metrics other than the hyper-Kähler ones. Choose one such metric and denote it again by g , the corresponding Kähler form being ω . Suppose that g = f g is a non-Kähler, conformally Kähler metric which has an almost Kähler structure ω. Then we have
where a is a real constant and β is a holomorphic (2, 0) form. In fact, β is everywhere nondegenerate, so it is a holomorphic symplectic form on M. Now we have two possibilities: if a = 0, then the metric g has one S 1 family of almost Kähler structures given by ω t = cos(2πt) Re(β) + sin(2π t) Im(β);
Hermitian and almost Kähler structures on 4-manifolds 9 if a = 0, then the metric g has two S 1 families of almost Kähler structures given by ω ± t = ±aω + cos(2π t) Re(β) + sin(2πt) Im(β). In either case, if g had other almost Kähler structures, it would follow that β has constant length with respect to g , which is a contradiction to the fact that g is not hyper-Kähler.
We finally put together the above results to prove Theorem 1.
Proof of Theorem 1. Let us denote by p g the geometric genus of the complex surface (M, J ), i.e., the complex dimension of the space of holomorphic (2, 0) forms. It is well known that b + = 2 p g when b 1 is odd and b + = 2 p g + 1 when b 1 is even.
Let us consider first the case b 1 odd. By Proposition 2 of O. Biquard, the only compact complex surfaces that also admit symplectic structures are primary Kodaira surfaces (case of (b1)) and blow-ups of these (case of (b2)). For the primary Kodaira surfaces it is also known that they do admit holomorphic symplectic structures, that is, there exists a nowhere vanishing holomorphic (2, 0) form. Denote such a form β and consider now a Hermitian metric g. The real form ω = Re(β) is the real part of a holomorphic (2, 0) form on M hence it is a harmonic, self-dual form for the metric g. As ω is also non-degenerate, there is a conformal metric to g such that ω and the new metric define an almost Kähler structure. We hence proved H ⊂ CAK for primary Kodaira surfaces. Note also that if g is Hermitian, then any almost Kähler structure, say ω, has to be the real part of a holomorphic (2, 0) form since b + = 2 p g . Hence ω = Re(β), but then
is a whole S 1 family of almost Kähler structures compatible to the metric g. Finally, since for a primary Kodaira surface b + = 2, it follows from Proposition 1 that each Hermitian, almost Kähler metric has exactly one S 1 family of compatible almost Kähler forms. To prove (b2) note first that if (M, J ) is a blow-up of a primary Kodaira surface, then c 1 = 0 in this case. Let g be a Hermitian metric and let ω be a real, self-dual, harmonic form with respect to g. As above, since b + = 2 p g , it follows that ω = Re(β), where β is a holomorphic (2, 0) form. Since c 1 = 0, β must vanish at some point on M and so does ω. Therefore, for any Hermitian metric there are no harmonic, self-dual, everywhere non-degenerate forms.
Let us now consider the case b 1 even. In this case b + = 2 p g + 1, so for any Hermitian metric g, the space of real parts of holomorphic (2, 0) forms is strictly contained in the space of all self-dual, harmonic forms. Let ω denote the (unique) self-dual, harmonic form which has trace equal to 1 and is orthogonal, with respect to the cup product, to the space of real parts of holomorphic (2, 0) forms. This form is non-degenerate everywhere on M and hence for a conformal metric to g this form will define an almost Kähler structure. The statements from (a1) and (a2) follow from Propositions 5 and 6, respectively. Remark 1. It would be nice to complete part (a) in Theorem 1 with a statement about the possible number of almost Kähler structures compatible to an arbitrary Hermitian metric (nonKähler and not conformally Kähler). Proposition 4 shows that there are some Hermitian, nonKähler metrics with a unique, up to sign, almost Kähler structure. However, we do not know a complete answer to this problem yet.
Yamabe and fundamental constants of Hermitian surfaces
The Yamabe constant, Y (c), of the conformal class c on a compact 4-manifold M is defined to be
where s g is the scalar curvature of the Riemannian metric g and dµ g denotes it volume form. It was proved by R. Shoen [25] that each conformal class c contains metrics of constant scalar curvature which realize the infimum in the above definition and, for this reason, these metrics are also referred as Yamabe metrics. We shall say that (M, c) is of positive (resp. zero or negative) type if Y (c) is positive (resp. zero or negative).
It is a remarkable fact that the existence of metrics with positive scalar curvature on a compact 4-manifold leads to important information about the differentiable structure of the manifold. In particular, all Seiberg-Witten invariants must vanish. This was successfully used by C. LeBrun to prove that on a compact complex surface (M, J ) with even first Betti number the existence of conformal classes (not necessarily compatible with J ) of positive type forces (M, J ) to have negative Kodaira dimension, i.e., to be either a rational surface, or a blow up of a ruled surface [17] . Considering only the conformal classes of Hermitian metrics, LeBrun's result was previously observed by several other authors [28, 27, 2] . The main idea dealing with Hermitian conformal classes is to use the Gauduchon's vanishing theorem, as it is explained below.
Let (M, J ) be a compact complex surface and let c be a conformal class of Hermitian metrics on M. For any metric g ∈ c we denote by u g the Hermitian scalar curvature of (g, J ), which is defined to be the trace of the Ricci form of the Chern connection ∇ c [13] , i.e., we have
where R c is the curvature of ∇ c and F, as usually, is the Kähler form of (g, J ). Using the relation between the Chern connection ∇ c and the Riemannian connection ∇, given by (cf. [13, 27] )
one can easily see (cf. [13] ) that u g and s g are related by
The eccentricity function f 0 (g) of a metric g in c is the positive function determined by the property g = g 0 / f 0 (g), where g 0 is the standard metric of Gauduchon on c giving M a total volume 1 (different normalization than [6] ). Note that a metric g is standard if and only if the corresponding function f 0 is a positive constant.
The fundamental constant C(M, J, g) of a compact Hermitian surface we will define to be (compare with [6] ):
Note that C(M, J, g ) does not depend on the choice of g ∈ c and is a conformal invariant of c equal to C(M, J, g 0 ) = M u g 0 dµ g 0 , so we can denote it just as C(M, J, c). It follows from (2) that M s g 0 dµ g 0 C(M, J, c) which gives the estimate
with equality in (3) if and only if g 0 is a Yamabe-Kähler metric:
The fundamental constant C(M, J, c) is closely related to the complex geometry of (M, J ) in view of the following vanishing theorems of Gauduchon [12] :
Denote by P m (resp.Q m ) the dimension of the space of holomorphic sections of K ⊗m (resp. of K −⊗m ). Then we have:
In particular, for any positive conformal class c, the estimate (3) gives C(M, J, c) > 0, hence such a surface has to be of negative Kodaira dimension.
It is clear that except for the case when P m = Q m = 0, ∀m > 0 (some surfaces of negative Kodaira dimension), the sign of C(M, J, c) is independent of c (see [6] ). We also note that the existence of a Hermitian conformal class c with C(M, J, c) = 0 does imply the existence of a metric g ∈ c of vanishing Hermitian scalar curvature u g [6, Corollary 1.9] , hence the Ricci form R c (F) (which represents up to multiplication with 1/2π the first real Chern class of (M, J )) is anti-self-dual. In particular, we have c 
with equality if and only if the structure is Kähler. It follows from (4) that
with equality if and only if g is a Yamabe-Kähler metric.
To prove (4) one can consider the first canonical connection ∇ 0 , defined by Lichnerowicz in [20] to be
Since ∇ 0 preserves J , its Ricci form γ 0 represents 2πc 1 , so using the above relation we obtain in the almost Kählerian case that γ 0 , ω = |∇ J | 2 (cf. [9] ) which proves (4). Now we shall use Theorem 1 to compare (3) and (5) on some Hermitian surfaces. We start with the following proposition, due to LeBrun in a more general setting [18] : Let (M, g, J, F) g is an associated metric for the symplectic form ω. The almost complex structure induced by g and ω is homotopic to J , hence it has the same real first Chern class as J . Using (4), we get:
Standard formulas for a conformal change of metric g = u 2 g give
From these we obtain
and the proof is finished for the Case 1. 
for t > 0. Then ω t are non-degenerate, harmonic self-dual forms for any t, so we can apply Case 1 to them. It follows
Taking into account that c 1 · [ω] = 0, this becomes
and, after dividing by t,
Taking the limit t −→ ∞, we obtain the conclusion in this case too.
Remark 2.
A more careful application of relation (7) Proof. Apply Proposition 7 to the harmonic, self-dual form ω which satisfies ω = −c + 1 . The fact that ω has non-negative trace holds because of the sign assumption on the fundamental constant. We get
Schwarz inequality implies
Since ω is the harmonic representative of the class c + 1 , we have
and the conclusion follows.
As already mentioned, on a rational surface (M, J ) with c 2 1 0, the sign of C(M, J, c) does not depend on the Hermitian conformal class c. Therefore it is always positive, since any rational surface admits a Kähler metric of positive total scalar curvature (cf. [28, 10] ). With this observation and Proposition 7 in hand, we prove the following Proof. Let g ∈ c be an almost Kähler metric, with fundamental 2-form ω given by ω = F + Re(α), where F denotes the fundamental 2-form of the standard metric g 0 and α is a (2, 0) form. The almost complex structure given by g and ω is homotopic to the complex structure J and hence they induce the same first Chern class, c 1 . Denoting by γ = R c (F) the (1, 1)-Ricci form of (J, g 0 ), we have 
